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1 Introduction 



Noncommutative geometry pQ naturally appears in string theory [2J, [3] . Low-energy effec- 
tive theory of D-branes in a background NSNS i?-field becomes the noncommutative field 
theory where the spacetime coordinates x^ are noncommutative [x At ,x iy ] 7^ [HE1E]- On 
the other hand, when we turn on the background RR field, low-energy effective theory of D- 
branes becomes the field theory on non(anti)commutative superspace of which the fermionic 
coordinate 6 a has nontrivial commutation relation {6 a ,6^} ^ [3 El El EB El E21 H3]- 
Gauge theories on non(anti)commutative superspace are studied extensively p3 | [T5l [T6l [T7] . 
In the case of constant 5-field, the algebra of the coordinates becomes [o^x 1 '] = const., 
which is called Heisenberg algebra (or Weyl algebra as an universal enveloping algebra of 
Heisenberg algebra). Heisenberg group [THl HSl ED] is constructed from the Heisenberg alge- 
bra by exponential mapping. If we include both of background NSNS and RR fields, it is 
expected that super Heisenberg group [21] would appear. 

Heisenberg group and its Schrodinger representation are defined rigourously in mathe- 
matics from the motivation of quantum mechanics [20]. Heisenberg group is constructed as a 
central extension of a symplectic vector space and its matrix representation is constructed by 
triangular matrices. The commutation relation [x^, x u ] = const, is regarded as the operator 
representation (Schrodinger representation) of Heisenberg group. The matrix representation 
of Heisenberg group is useful to construct noncommutative tori [22], [23l El] and quantum 
theta-functions [23, [23 [2H [2E1 29, 30J. Here noncommutative tori are defined by the com- 
mutator relation coming from the cocycle condition used in Heisenberg group. In this paper, 
for the anologue of bosonic Heisenberg group, we find the representation of super Heisen- 
berg group from the supermatrices which are also triangular up to exchange of their rows 
and columns. This supermatrix representation is also applicable to the superspace deformed 
by noncommutive and non-anticommutative parameters, and certain cases of non-central 
extensions. As in the bosonic case, the supermatrix representation of super Heisenberg 
group is useful to construct noncommutative supertori and quantum super theta-functions 
[3T] . Understanding in this direction will be necessary for investigating the properties of 
supersymmetric field theories such as soliton solutions on noncommutative supertorus. 
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This paper is organized as follows. In section 2, we review the basics of noncommu- 
tative space and the construction of the Heisenberg group. We also explain the relations 
between the Heisenberg algebra, the operator representation of the Heisenberg group, and 
the corresponding noncommutative space. In section 3, we construct the super Heisenberg 
group and its supermatrix and operator representations extending the relations known in the 
bosonic case. In section 4, we consider two types of deformed superspaces in relation with 
super Heisenberg group; a two-dimensional superspace deformed by noncommutative and 
non-anticommutative parameters, and a toy model of non-centrally extended 'super Heisen- 
berg group'. We conclude in section 5. 



2 Noncommutative space and Heisenberg group 
2.1 Noncommutative space 



Noncommutative spaccl is defined as a space on which coordinates X M (/i 
satisfies the commutation relation 



l,2,...,2rj] 



[X»,X v ]=iO» v . (1) 
Here 0^ u is a constant. Without loss of generality, 0^ u can take the block-diagonal form 





f o 12 




\ 














6)34 






\ 







(2) 



Then the commutation relation becomes 

[X 2l ~\X 21 ] =iO 



Q2i-l,2i 



1,2 n. 



(3) 



In general, one can consider many kinds of noncommutative spaces. But we use the word noncommu- 
tative space in the sence of ([T]). 

5 If there are odd number of the coordinates, one of them can commute with all other coordinates. 
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In this basis, we can use the representation of as 

X 21 ' 1 = v© 2 *- 1 ' 2 ^ • , X 2t = -W0 2i ~ 1 ^^-. (4) 

ds l v ' 

The algebra of the functions on noncommutative space is equivalent to the algebra of the 
functions on commutative space with the noncommutative product, which is called Moyal 
product: 

(5) 



F(X)*G(X) = ^(^^Q^)nx)G(X') 



2.2 Heisenberg group 

We define a Heisenberg group, Heis(R 2n , tjj). As a set Heis(R 2n ,^) is U(l) x R 2n . For 
t,t' G U(l), and (x,y),(x',y') G R 2n , we define (t,x,y),(t',x',y') G Heis{R 2n , if>), 

(t, x, y) ■ (t', x', y') = (t + t' + ^(x, y- x', y'),x + x' , y + y'), (6) 

where tp : R 2n x R 2n — > R, satisfies the cocycle condition 

*P(x, y- x', y')i)(x + x',y + y'; x", y") = ^j(x, y; x' + x", y' + y")^(x', y'; x", y"), (7) 

which is a necessary and sufficient condition for the multiplication to be associative. There 
is an exact sequence 

-> R^Heis{R 2n ,^)^R 2n -> (8) 

called a central extension, with the inclusion i(t) = (t, 0,0) and the projection j(t,x,y) = 
{x,y), where i(R) is the center in Heis(R 2n ,ip). 

We now introduce two representations of this Heisenberg group Heis(R 2n , ip). One is a 
matrix representation and the other is an operator representation. 

First we introduce the matrix representation Heis(R 2n , ip) — > Ma£( n+2 ,n+2) W in two 
ways. One of them is given by 

(\ x t\ 



(t,x,y) 

In this case ip(x, y; x', y') = xy' . 



1 y 
\0 1/ 



M(t,x,y). (9) 
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For the other one, we use the Lie algebra and Lie group approach. Let 

M(t,x,y) 



fO x t\ 

y 
\0 0/ 



(10) 





X 


t\ 




A 





o\ 




(0 




t\ 




1 


y 







1 





+ 








y 







V 




\o 














0/ 



Then 

M(t,x,y) 

For the second matrix representation, we define 

n(t, x, y) := e M(t ' x ' y) = I + M + M 2 /2 + ■ 



I + M(t,x,y). 



1 x t + f\ 



y 

1 / 




(12) 



Then, Heis(R 2n , ip) with the cocycle i/j(x, y; x' , y') = \{xy' — yx') is isomorphically embedded 
in Mai( n+ 2, ra +2)(K). In this case, ip becomes a symplectic form, and then this representation 
can be extended to general symplectic vector spaceqj. We can easily show that both Ai in (J9j) 
and 7r in ( |T2l) are group homomorphisms, which shows that they are matrix representations 
of the Heisenberg group. 

The Lie algebra introduced in the second matrix representation is a vector space isomor- 



phic to 



x 



p'2n 



generated by qi, pi 



1, . . . , n), and r such that 



[QhPj] = $ij r , others = 0. 



(13) 



The above Lie algebra is the so-called Heisenberg algebra, h(2n). A general element of this 
Heisenberg algebra h(2n) is of the form x- q + y-p + tr. In the second matrix representation, 



5 In general, (x,y) is a Darboux pair of the symplectic vector space and Tp is the symplectic form. 
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the generators are mapped as follows 

A) ... 1 ... o\ 



V 

/0 



/o 



Pi -> 



p 



0/ 



0/ 



(14) 



where the component 1 in Qi appears only in the (i + l)-th column of the first row, and the 
component 1 in Pj appears only in the (i + l)-th row of the last column. In this notation, 
n(t,x,y) in ( ll~2l) can be expressed as 



x-Q+y-P+tR 



n(t,x,y) = e x ' 
Note that n(t,x,y) ■ Tr(t',x',y') can be expressed as 

e M(t,x,y) . e M(t',x',y') = e M(t,x,y)+M(t' ,x',y')+±[M(t,x,y),M(t' >V)]+" 



(15) 



(16) 



and we will use this property in our computations. 

Next, we explain the Schrodinger representation which is an operator representation on 
L 2 (M n ) of the Heisenberg group, where L 2 (R n ) is the completion of the Schwarz space on 
M. n . For this we reexpress the commutation relation of the Heisenberg algebra ( TL3l) with new 
generators X i; Yj, and / by the following map 



qi — > iXi, pi — > iYi, r — > -il. 

Then we have 

[X i} Yj] = iSijl, others = 0. 
A representation for Xi, Y{, I as operators can be given by 

(Xif){s) = Sif(s), (Y i f)(s) = -i!¥.(s), 1 = identity, 



(17) 



;is) 



(19) 



where s = (si, • • • , s n ). Note that the above X i: Y$ can be regarded as the noncommutative 
coordinates X^ introduced in the previous subsection. 

For the operator representation of the first matrix representation Ai(t,x,y) with the 
cocycle ip(x, y; x', y') = xy', we send (t,x,y) — > x(t)e(x)c?(?/), where 

X (t) : f(s) — > e-*f(a), 

e(x) : f(s) — > e»- x /( S ) = e» s /(^), (20) 
d(x): f(s)-^e*y Y f(s) = f(s + y). 

For the operator representation of the second matrix representation 7t(t,x,y) with the 
cocycle i[)(x, y; x', y') = \{xy' — yx'), we send (t, x, y) to U(t, x, y) = x(t + ^) e ( s )^(l/)- Note 
that U (t, x, y) can be rewritten as 

U(t, x, y) = exp [i(x -X + yY- tl)] , (21) 

and this corresponds to Tr(t,x,y) in ffTol) via (fTTj) 
The noncommutative parameter is 

G(x, y; x', y') = i/j(x, y; x', y') - ip(x\ y'; x, y) = xy' - yx' (22) 

for both cases. In the second case, ip(x, y \ x', y') = \{xy' — yx'), so that O = 2ip. 

In the later part of our work, we will use the second operator representation, which can 
be mapped into a noncommutative space as we mentioned above, is irreducible and unitary. 
And due to Stone-von Neumann- Mackey theorem, this is unique up to isomorphism. 

Now we explain Stone-von Neumann-Mackey theorem [TBI [T9l [20] . First we define e : 
M 2n x M 2n — >• K. by e(zi, z 2 ) = z 1 z 2 zi~ 1 Z2~ 1 where z 1 , z 2 G M. 2n , and z~i is a lifting of which 
means j(z~i) = Zi. Then e is well defined independent of the choice of z~i and is a skew- 
symmetric pairing. In our case, e corresponds to in ( !22l) . If for some subgroup H C M. 2n , 
g\hxh — 0, then H is called an isotropic subspace(or Largrangian) . If H is maximal among 
those isotropic subspaces, it is called a maximal isotropic subspace. For example, H can be 
the x-space or the y-space or some combination. Now we state the theorem [18] . 
Theorem(Stone, von Neumann, Mackey) 
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Let G = Heis (M. 2n , ip) be a Heisenberg group. Then 
1) G has a unique irreducible unitary representation 



U : G 



Aut(H ) 



(23) 



such that U t = e~ u ■ I for all t G R. 

2) For all maximal isotropic subgroup H C R 2n , and a lifting cr(;z) = (o;(z),z) of j over if, 
where a is a group homomorphism from H to R, this representation may be realized by 
Ho = { measurable function / : R 2n — > C, such that 



3) All representations (U,H) such that U t — e lt ■ I, all t G R, are isomorphic to 7i <E> Hi, 
and G acting trivially on H±. 

3 Super Heisenberg group 

Now, we consider the extension of the work in the previous section to the super case. As in the 
bosonic case, we define the super Heisenberg group, sHeis(R 2n ^ 2m , ■0), as follows. For t,t' G 
17(1), and (x,a),(y,0),{x!,(J),{rf,P') G R n|m , we define (t,x,y,a, (3),(t',x',y',a f , /3') G 
s#ezs(R 2n l 2 "\^) such that 

(t,x,y,a,P) ■ (t\ x', y\ a', (3') = (t + t' + ^(x,y,a,(3;x',y',a',(3'),x + x',y + y',a + a',(3 + (3'), 



ip(x, y, a, (3; x', y', a', (3')^{x + x', y + y', a + a',(3 + (3'; x", y", a", (3") 

= i[>(x, y, a, P; x' + x", y' + y", a' + a", (3' + (3")^{x\ y', a', f3'; x", y", a", (3"), (25) 



a necessary and sufficient condition for associative multiplication. Now, there is an exact 
sequence 




(24) 



where ip : R 2n \ 2m x R 2n \ 2m 



R, satisfies the cocycle condition 




(26) 
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a central extension, with the inclusion i(t) = (£, 0), the projection j(t,z) = z, z £ R 2ri l 2m ; 
where i(R) is the center in sHeis(M. 2n ^ 2m , ip) := sH{2n\2m). As in the bosonic case, we can 
introduce two types of matrix representations and the corresponding operator representations 
for the super Heisenberg group. 

First, we consider the matrix representations, sH{2n\2m) — > Mat( n+ 2\m, n+2\m)(M)- The 
first matrix representation is given by 



(t,x,y,a,P) 





X 




a 





1 


y 











l 











P 


1 



\ 



= M(t,x,y,a,(3). 



In this case if)(x, y, a, (3; x', y', a', (3') = xy' + a/3' '. 

For the Lie algebra and Lie group approach, we let 



M(t, x, y, a, P):=I + M(t, x, y, a, /3), 



where 



M(t,x,y,a,P) = 






X 




a 








y 























P 






We then define 



/ 



7T 



(t, x, y, a, (3) := e M ^' x ' y ' a ^ = I + M + M 2 /2 + 





X 


£ | xy+a/3 


a 





1 


y 











l 











P 


1 



(27) 



(28) 



(29) 



(30) 



In this case tp(x, y, a, (3; x', y', a', (3') = -^ixy' — yx' + a/3' + (3a r ). 

The super Lie algebra introduced in the second matrix representation is a vector space 
isomorphic to R x M 2n l 2m generated by Pi, £ a , X a (i — 1, . . . , n, a — 1, ... ,m), and r such 
that 

[Qi,Pj] = Sijr, {£ a , A 6 } = 5 ab r, others = 0. (31) 

The above super Lie algebra is the so-called super Heisenberg algebra, sh{2n\2m). A general 
element of this super Heisenberg algebra sh{2n\2m) is of the form x-q + y-p+a-£ + (3-\ + tr. 
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In this representation, the generators are mapped as follows similar to the bosonic case: 



/ 
1 















n 

U 


n 

U 


n 
u 


n 

U 




u 


u 


u 


u 


\ 


u 


u 


u 


u 


/ 

I 











e 






























V 















\ 



Pi 





















e* 






























\ 









1 










































\ 



/ 













































e a 






(32) 



/ 



where is the column vector in which the z-th component is 1 and the others vanish, and 
the same for e a . 

Let V be a real super vector space of dimension 2n\2m with non-degenerate skew- 
symmetric form ( , ). Let q iy Pi, £ a , A a , for i = 1, . . . , n and a — 1, . . . , m, be a basis 
of V such that the matrix of ( , ) with respect to this basis is 



/0 1 

-1 

Vo 



o \ 

1 

1 / 



(33) 



i.e. (qi,qj) = (puPj) = (fa,&) = (A a ,A & ) = and (qi,Pj) = (Co, A 6 ) = 5 ab . Here (f) 
corresponds to the map e which we introduced for Stone-von Neumann-Mackey theorem 
in the bosonic case. So V = Vq <8> V\, where {qi,Pi} is a basis for Vg and {^ a , A a } a basis 
for V\. The super Heisenberg algebra sh(V) can be constructed as a central extension of 
the Abelian Lie superalgebra V by an even generator r ^T\. We have an exact sequence 
— > R • r — > s/i(y) — > V — > 0, and the Lie bracket is defined by [u,v] = (u,v)r,Wu,v E V. 
Then, sh(V) = sh(2n\2m) . 

The operator representation can be given as in the bosonic case. The target space for the 
super Schrodinger representation is L 2 (IR n ' m ) := L 2 (R") ® /\*(M m )*, which is the completion 
of the Schwarz space S(M n l m ) := S(W l ) ® /\*(« m )*. Here /\*(R m )* is the vector space 
spanned by {t>i A ■ • • A vi\v i=(i r .j) G M m , / ^ m}. 

For the operator representation, now we reexpress the commutation relation of the super 
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Heisenberg algebra (13TI) with new generators Xi, Yi, 9\, Q\ and / by the following map 

Qi — > iX, h pi — ► iY { , £ a — > i9 l a , \ a — > i9 2 a , r — > -il. (34) 

Then we have 

[X i ,Y j ]=i5 ij I, {6l6 2 b } = t5 ab I J others = 0. (35) 
A representation for Xi, Yi, 9\, 6 2 , and / for operators can be given by 

df 

(X i f)(s,r]) = Sif(s,r]), (Yif)(s,r)) = -i—(s,rj), 

OSi 

(6 1 J)(s, V )= Va f(s,r ] ), (9lf)(s, V )=i^(s, V ), (36) 
I = identity, 

where s = (si, . . . , s n ), r\ — {r\\, . . . , r] m ), and (s, 77) belongs to M n l m . Note that here again 
Xi, Yi, 0\, Q\ can be regarded as the coordinates of a non ( ant i) commutative superspace. 

For the first operator representation, we send (t,x,y,a, 0) to a)(5(j/, /3), where 

{x,a),{y,(3)£W\ m : 

X (t): f(s, V ) — e- it f{s,r ] ), 
e(x,a): f(s,ri) — > e^ x - x+a ^ f(s, rj) = e^ 3 ^ f{s, 77), (37) 
6(y,/3): f(s, V ) — e ^ Y+ ^f(s,r ] ) = f(s + y, V + (3). 

For the second operator representation, we send {t,x,y,a, (3) to U(t,x,y,a, (3) = x{t + 
xy 1 2 a ^ )e(x, a)5(y, (3). As in the bosonic case, U(t,x,y,a, (3) can be rewritten as 

U(t, x, y, a, (3) = exp [i(x ■ X + y -Y + a ■ Q x + (3 ■ 9 2 - tl)] . (38) 

From now on, for the sake of brevity we will drop / for the identity, and will use the above 
form flHBl in the following section. 

Supersymmetric extensions of the Stone-von Neumann theorem were considered in [32| 
|2T] . It was shown in [21] that there exists a unique irreducible unitary sH(2n\2m) module 
up to isomorphism described as in the bosonic case. 
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4 Deformed superspace 

4.1 Deformed J\f = (2,2) superspace in two dimensions 

First we introduce the two-dimensional M = (2,2) superspace spanned by (X M , 9 a , 9 a ). 9 
and 9 are transformed as a spinor and a conjugate spinor, respectively. We deform this 
superspace by the following commutation relations [TUl [TT] : 

[X\ X 2 } =iO- 2iC9 1 9 2 , [X\ 9 1 ] = iC9 2 , [X 1 , 9 2 } = iC9\ 

[X 2 , 9 1 } = C9 2 , [X 2 , 9 2 } = C9\ {9\ 9 2 } = C, (39) 



the commuta- 
3 On the other 



where 0's commute or anticommute with other coordinates, i.e. the center. and C are 
constants. In the case of = 0, (13"9"]) is obtained by dimensional reduction of 
tion relation of non ( ant i) commutative J\f = 1 superspace in four dimensions- 
hand, in the case of C = 0, ( |39|) reproduces the two-dimensional noncommutative space 
(with usual fermionic coordinates). Although we do not derive f )39p from superstring, we use 
(1391) as a simple unified expression of above two cases. The Moyal product corresponding to 
( !39l) is given by 



F(X, 9, 9) * G(X, 9, i 



cxp 



~0{d x & 2 - d 2 d[) - \c{Q l Q! 2 + Q 2 Q[) 



F(X,9,9)G(X',9',9' 



, (40) 

{X'vfi',6')=(Xvfifi) 



where 9^ = djdX^ . Qi, Q 2 are the supercharges defined by 



Qi = w ~ f ° 1{dl + %d2)i Q2 = w~ f ° 2{di ~ ld2) - (41) 

d'^, Q[, Q' 2 are respectively obtained from Qi, Q 2 by replacement (X^ 1 ,^,^) — > (X'^,9',9 1 ) 
In general, from the consistency with supersymmetry, superspace can be deformed in terms 
of Moyal product which includes either supercharges Q a or supercovariant derivatives D a in 
order to obtain non(anti)commutativity in fermionic coordinates, where D a is defined by 

Di = w + f ° l{dl + ld2) ' D2 = w + f02{dl ~~ ld2) - (42) 



7 In four dimensions, there are three non(anti)commutative parameters C 11 , C 12 and C 22 in general. The 
parameter C in <|39j) corresponds to C 12 . We have set C 11 = C 22 = for simplicity. 
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Now Q a is used in the Moyal product as in f j40l) . In this case, the half of the supersymmetry 
is broken but the chirality of superfields is preserved. If D a is used in the Moyal product 
instead of Q a , the supersymmetry is fully preserved but the chirality of superfields is broken 

mm- 

Now we change the normalization of the operators by 



Then the commutation relations ([39]) become 



° ft* 

id 6 ■ 



(43) 



[X\X 2 ] = i-2ft 1 ft 2 , 
[X 2 ,6 l ] = -id 2 , 



[X 2 ,ft 2 ] 



(P 



-ift\ 



[X\ft 2 }=ft\ 
{ft\Q 2 } = -i 



(44) 



As in the bosonic case, we can introduce a unique operator representation of the above 
algebra as in (I3"H|) . as a representative of the corresponding super Heisenberg group 



Ua = exp 



<(x A x l + yA x 2 + a A e x + p A e 2 - t A ) 



(45) 



This satisfies 



U A U B = exp(-i^ AB )U B U A , 

^ab = (1 + 2ift l 6 2 )(x A y B - xbVa) + (ozaPb - a B (3 A ) 
+ i(x A - iyAjPBO 1 - i{x B - iy^^A^ 1 
- i(x A + iyA)aB0 2 + i{x B + iy B )a A 2 



(46) 



(47) 



Now, we can give two types of corresponding supermatrix representations. One is the 
4x4 supermatrix representation as 



n A = exp [M(i A , x A , Va, a A , Pa 

( 

M(t A ,x A ,y A ;a A ,p A ) = 






x A 


t A 


a A 








Va 























13a 






(4? 



(49) 
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where 

6l a = a A -i[x A -iy A )¥, {3 A = p A + i{x A + iy A )9 2 '■ ( 50 ) 
In order to obtain (T4TJ]) . It is convenient to use the chiral coordinate V 1 which is defined by 

y 1 = x 1 + i6 l e l - ie 2 e\ y 2 = x 2 + e l e l + e 2 e 2 . (51) 

The commutation relation of Y^ 1 and 6 a is 



[Y\Y 2 ' 

In terms of Y^, ( 145]) is rewritten as 



[y",0«] = O, {6\6 2 } = -i 



(52) 



U A = exp 



\{x a y 1 + y A r 2 + a A e l + /3 A 2 - ? A ) 



(53) 



From (|52j) and (|53|) . we obtain the representation (|49l) . In this representation, we regard 9 1 
and 9 2 as grassmann numbers. 

For the other type of matrix representation, we regard 8 1 and 6 2 as the operators which 
belong to the center of the super Heisenberg group. The central element t A in (T4"5]) is replaced 
with 

tA^tA + aJ 1 +M 2 + uj 1 6 2 , (54) 

where t A , a A , j3 A , u A are the parameters corresponding to the center of the super Heisenberg 
group /, 1 , 9 2 , O 1 ^ 2 , respectively. In this case, the representation is given by the 6x6 
supermatrix tt a as 



n A = exp [M(t A , x A , y A , u A , a A , f3 A , a A , f3 A 



(55) 



M(t A , xa, yA, u A , a A , f3 A . 


OCA, 


Pa) 












( ° 


xa 


t A 


OCA 





Pa 


\ 










yA 











































Pa 








-i(x A + iy A ) 












a A 


i(x A - iy A ) 





u A 






V o 

















/ 



(56) 
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In terms of tta, as in (Ell), we have the multiplication rule 



(t A , x A , Va, ua, ola, 13a, ot A , (3a) • (t B , xb, Ub, u b , a B , (3b, ct B , Pb) = 

(t AB , x A + xb, Va + Vb, u A b, ol a + a B , (3 A + (3b, o> A b, Pab)- (57) 

Here tAB, uab, &ab and Pab are given by 

tAB = t A + t B + -(x A yB - xbUa) + ^(ckaPb - ubPa), 
uab =u A + u B + i{xaVb - xbVa), 

1 % 

OC AB = 0l A + 0l B + ~(X A - Wa)Pb ~ ~( X B ~ Wb)Pa, 

— — — % % 

Pab = Pa + Pb - ~(xa + %Va)olb + ~{x B + %Vb)ola- 
The commutation relation among 7f's is the same as that of Vs in (|46j) : 

Tf A n B = exp(n AB )TT B TT A , 

where 



n 



AB 



/ 





t[AB] 








P[AB] \ 






























































Oi[AB] 








U[AB] 


U 

















(5f 



(59) 



(60) 



and the bracket means antisymmetrization of indices. 

4.2 Toy superspace with non-central extension 

Super Heisenberg group is the central extension of the ordinary superspace. However, some 
of noncommutative superspaces which cannot be obtained by central extension admit the 
matrix representation similar to super Heisenberg group. In this section, we consider such 
an example of the superspace with non-central extension. 

Here we start from the module which is given by f(s, (, Q, where (s, (, () is the coordi- 
nates of ordinary one- dimensional superspace. From this module, we define the coordinates 
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of the two-dimensional deformed superspace bjt 

x l = s-, x 2 = ^, e' = -i(., £ = o 2 = ^- + c^, ° 2 = w + &- 

OS OQ OS o( OS 

(61) 

The nontrivial commutation relations are 

[x\x 2 ] = i, [x\e 2 ] = [x\e 2 ] = -%e\ 

{O 1 ,^} = -i, {9 1 J 2 } = -i, {6 2 ,6 2 } = 2tX 2 . (62) 

The last eqation in (1621) resembles the deformed superspace defined in [9]. Now the com- 
mutators and the anticommutators contain the operators which are not centers. Then this 



superspace is not a central extension of the ordinary two-dimensional superspace *J Despite 
this, the matrix representation of (1621) can be constructed as in the case of super Heisenberg 
group. We define Ua as follows like the representative of super Heisenberg group in the 
previous subsection 

U A = exp [li&AX 1 + y A X 2 + a A x + (3 A 9 2 + a A Q X + M 2 ~ h)] ■ (63) 

This satisfies 

U a Ub = esxp{-iSAB)U B UA, (64) 

where Sab is given by 

Sab = (xaVb - VaXb) + (^aPb + Pa&b) + {oiaPb + Paocb) 
3 „ ~ ~ „ 
+ ^(PaPb + PaPb)(x a + x B ) - {xaPb - PaXb)Q x 

- (xaPb - PaxbW - 20aPb + PaPb)X 2 . (65) 
We can assign the corresponding matrix representation of Ua as the supermatrix tta 

n A = exp [M(£a, x a , Va, &a, a a, Pa, Pa)] , (66) 



8 Here we have already changed the normalization of the operators to absorb noncommutative and non- 
anticommutative parameters as in the case of (|44p . 

9 However the bosonic part of this algebra is Heisenberg algebra. 
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where M is a 5 x 5 supermatrix given by 



M(i A , x A , Va, o a , o A , Pa, Pa) 



I x A i A 
y A 




p A 
V p A 



OLA OLA \ 

Pa Pa 





0/ 



(67) 



It is straightforward to check that tt satisfies the same commutation relation ( IMl) of U: 

T^A^B = exp(n AB )^B^A, (6£ 

where 



n 



AB 



(° 





t[AB] 


OL[ A B] 


OL[AB] 








V[AB] 






































v° 















\ 



(69) 



with i[AB], ol[ab], o [ab] , V[AB] given as follows: 

i[AB] = {xaVb - VaXb) + (oaPb + Pao b ) + {oaPb + Pao b ) 

3 - - - - 
+ \^{PaPb + PaPb){xa + %b), 

0[AB] = %aPb - PaXb, 
0[AB] = XaPb - PaX B , 

V[Ab] =20aPb + PaPb). 



(70) 



This confirms that we can use the above matrix representation instead of dealing with more 
complicated operator manipulations. 



5 Conclusion 

In this paper, we construct the super Heisenberg group and corresponding supermatrix 
representation by extending the result known in the bosonic case. 
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The low-energy effective theory of D-branes in a background NSNS -B-field becomes the 
noncommutative field theory, and the algebra of the coordinates becomes Heisenberg algebra. 
From Heisenberg algebra, Heisenberg group can be constructed by exponential mapping. The 
matrix representation of Heisenberg group is useful to construct noncommutative tori and 
quantum theta-functions. One can construct noncommutative tori in a easier manner via 
the embedding of the corresponding Heisenberg groups. 

When the background RR field is turned on, the low-energy effective theory of D-branes 
becomes the field theory on non(anti)commutative superspace of which the fermionic coordi- 
nates have nontrivial commutation relations, and super Heisenberg group would appear. For 
the anologue of bosonic Heisenberg group, the supermatrix representation of super Heisen- 
berg group can be constructed. We explicitly carry out this construction by extending 
the relation known in the bosonic case to the super case: the two-dimensional deformed 
M = (2, 2) superspace containing non(anti)commutativity in both bosonic and fermionic co- 
ordinates. As in the bosonic case, the supermatrix representation of super Heisenberg group 
would be useful to construct noncommutative supertori and quantum super theta-functions 

Furthermore, this supermatrix representation is also applicable to deformed superspaces 
corresponding to non-centrally extended 'super Heisenberg groups'. We demonstrate this 
construction with a toy model of two-dimensional deformed superspace at the end. 
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